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| For any C*-algebra A let A + denote the set of all positive elements in A. A state 

on a unital C*-algebra A is a linear functional ui : A — > C such that w(a) > for 
every a 6 A + and w(I) = 1 where I is the unit of A. By S(A) we will denote the 
set of all states on A. For any Hilbert space H we denote by B(H) the set of all 
bounded linear operators on H. 

A linear map <p : A — > B between C* -algebras is called positive if ip(A + ) C B + . 
For fc S N we consider a map <p fc : M k (A) — > M k (B) where -Mfc(A) and M k (B) 
are the algebras oi k x k matrices with coefficients from A and £> respectively, and 
VfcdPiil) = [y( a ij)]- We say that ip is k-positive if the map <p k is positive. The map 
cp is said to be completely positive when it is /c-positive for every k G N. 

A Jordan morphism between C* -algebras A and B is a linear map p : A — > 
_B which respects the Jordan structures of algebras A and £?, i.e. p(ab + ba) — 
p(a)p(b) + p(b)p(a) for every a, 6 G A. Let us recall that every Jordan morphism 
■ is a positive map but it need not be a completely positive one (in fact it need 

fi \\ not even be 2-positive). It is commonly known Q21|~l that every Jordan morphism 

p : A — > B(H) is a sum of a *-morphism and a *-antimorphism. 

The Stinespring theorem states that every completely positive map (p : A — > 
B(H) has the form <p(a) = W*ir(a)W, where it is a *-representation of ^4 on some 
q-i Hilbert space A, and IF is a bounded operator from H to A". 

Following St0rmer ([201) we sa Y that a map <p : A — > S(-ff) is decomposable if 
there are a Hilbert space A, a Jordan morphism p : A ^ B(K), and a bounded 
. linear operator IF from H to A such that y?(a) = IF*p(o)IF for every a £ A. 

By B(H) 3 b i— > 6* e B(H) we denote the transposition map (for details see Sec- 
tion 2). We say that a linear map ip : A — » B(H) is k-copositive (resp. completely 
copositive) if the map a <— > <p(a) is /c-positive (resp. completely positive). The fol- 
lowing theorem Q22|) characterizes decomposable maps in the spirit of Stinespring's 
theorem: 

Theorem 1.1. Let tp : A — ► B(H) be a linear map. Then the following conditions 
are equivalent: 

(1) ip is decomposable; 

(2) for every natural number k and for every matrix [a-ij] € M k (A) such that 
both [dij] and [aji] belong to M k {A) + the matrix [p(aij)\ is in M k (B(H)) + ; 

(3) there are maps Pi,(p2 '■ A — > B(H) such that ip\ is completely positive and 
<p<x completely copositive, with <p = cpi + <p<x- 

The classification of decomposable maps is still not complete even in the case 
when A and H are finite dimensional, i.e. A — B(C m ) and H = C". The most 
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important step was done by St0rmer (|22), Choi (0JE]) and Woronowicz ( |24j ) . 
St0rmer and Woronowicz proved that ifm = n = 2orm = 2, n = 3 then every 
positive map is decomposable. The first examples of nondecomposable maps was 
given by Choi (in the case m = n = 3) and Woronowicz (in the case m = 2, 
n = 4). It seems that very general positive maps (so not of the CP class) and hence 
possibly non-decomposable ones, are crucial for an analysis of nontrivial quantum 
correlations, i.e. for an analysis of genuine quantum maps ( |23l 1191 171 1141 1151 llfij ). 
Having that motivation in mind in our last paper CjlOp we presented a step toward a 
canonical prescription for the construction of decomposable and non-decomposable 
maps. Namely, we studied the notion of fc-decomposability and proved an analog of 
Theorem 1.1. Moreover it turned out that it is possible to describe the notion of k- 
decomposabilty in the dual picture. More precisely, the analog of Tomita-Takesaki 
construction for the transposition map on the algebra B(H) can be formulated 
(Section 2). Application of this scheme provides us with a new characterization of 
decomposability on the Hilbert space level (see Section 3). Thus, it can be said 
that we are using the equivalence of the Schrodinger and Heisenberg pictures in 
the sense of Kadison (|Hj), Connes and Alfsen, Shultz (PJ). Section 4 provides 
a detailed exposition of two dimensional case and establishes the relation between 
St0rmer construction of local decomposability and decomposability fo distinguished 
subsets of positive maps. 

2. Tomita-Takesaki scheme for transposition 

Let H be a finite dimensional (say n-dimcnsional) Hilbert space. Define uj € 
B(H)* + i as uj{a) = Tr ga, where g is an invertible density matrix, i.e. the state u> 
is a faithful one. Denote by (H n ,w,Q) the GNS triple associated with (B(H),ui). 
Then, one can identify the Hilbert space H n with B(H) where the inner product 
(• , •) defined as (a, b) = Tia*b for a,b e B(H). With the above identification one 
has f2 = g 1 ' 2 and n(a)Q = afl for a € B(H). In this setting one can simply express 
the modular conjugation J m as the hermitian involution, i.e. J m ag x ^ 2 — g x l 2 a* for 
a £ B(H). Similarly, the modular operator A is equal to the map g ■ g^ 1 ] 

Let {a;t}i=i,.. n be the orthonormal basis of H consisted of eigenvectors of g. 
Then we can define 



for every / <= H. The map J c is a conjugation on H. So, we can define the 
transposition on B(H) as the map a i— > a 1 = J c a*J c where a G B{H). By r we will 
denote the map induced on H v by the transposition, i.e. 

(2.2) rag 1 ' 2 = a'g 1 ' 2 

where a 6 B(H). 

Let Eij = \xi)(xj\ for i,j — 1, . . . ,n. Obviously, {Eij} is an orthonormal basis 
in H v . Hence, similarly to l|2.1|) one can can define a conjugation J on 



(2.1) 




(2.3) 




where a £ B(H). We have the following 
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Proposition 2.1. Let a 6 B(H) and £ 6 i/^. TTien 

a*£ = Ja*J£. 

Now, define the unitary operator U on H v by 

(2.4) t/ = ^ 

Clearly, LT-Ejj = Bj,. The properties of [/, introduced above conjugation J and 
modular conjugation J m is are described by 

Proposition 2.2. One ftas: 

(1) U 2 = I and U = U* 

(2) J = UJ m ; 

(3) J , J m and U mutually commute; 

(4) J commutes with the modular operator A. 

The following theorem justifies using the term " Tomita-Takesaki scheme" for 
transposition 



Theorem 2.3. If t is the map introduced in then 

r = UA 1 ' 2 . 
Moreover one has the following properties: 

(1) UA = A- 1 U; 

(2) If a is the automorphism of BiH^) implemented by U, i.e. a(x) — UxU* 
for x £ 3(11^), then a maps n(B(H)) onto its commutant tt(B(H))' ; 

(3) If Vji denotes the cone {A^ag 1 / 2 : a i B{H)+} C H n (cf. 0; for each 
13 £ [0,1/2] then U maps Vp onto V(i/2)-p- In particular, the natural cone 
V = Vi/4 is invariant with respect to U. 

Corollary 2.4. U A 1 ! 2 maps Vq into itself. 

Summarizing, this section establishes a close relationship between the Tomita- 
Takesaki scheme and transposition. Moreover, we have the following : 

Proposition 2.5. Let £ i— ► lo^ be the homeomorphism fJHllSjj between the natural 
cone V and the set of normal states on n(B(H)) such that 

^(«) = (£X), aeB(H). 

For every state u) define oj T (a) = u)(a ) where a G B(H). If £ € V then the unique 
vector in V mapped into the state lo^ by the homeomorphism described above, is 
equal to Ut; 

In the sequel, we will need the following construction: Suppose that we have a 
C*-algebra A equipped with a faithful state uja and consider the tensor product A® 
B(H), where H is the same as above. Then lja®ui is a faithful state on A®B(H). 
So, we can perform GNS constructions for both (A, oja) and (A®B{H), uja®u>) and 
obtain representations (77^,^,0^) and (if®, 71®, ft g,) respectively. We observe 
that we can make the following identifications: 

(1) H® = H A (g>H„, 

(2) TT® =TtA® 7T, 

(3) ft® = n A <£> ft 
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where (H^ir^) is the GNS triple described in the begining of this section. With 
these identifications we have J® = J a ® J m and A® = ® A where J®, 
■7a 5 are modular conjugations and A®, A^, A are modular operators for 
(n^A® B(H))",Cl®), (ir A (A)",il A ), (ir(B(H))", 0) respectively. Since and 
f2 are separating vectors, we will write afl A and 6f2 instead of x A (a)H A and 7r(6)f2 
for a G A and 6 G B(-fT). 

The natural cone (0E1) T 3 ® for (^(^ ® B(H))", f2®) is defined as the closure 
of the set 

i \ / m \ TO G N 

£a fc ®& fc i« X>®6« fi»: ffl1 ' ' ' ' ' a ™ e ^ 

vjfc=i / \i=i / bi, . . . , b m G B(/f) 

where j®(-) = J® • J® is the modular morphism on 7T®(yl £g> B(H))" — w A (A)" ® 
n(B(H))". 

Motivated by Proposition 12.51 we introduce the " transposed cone" VZ = (I <8> 
U)V® where U is the unitary defined in 12.4J1 . Elements of this cone are in 1-1 
correspondence with the set of partial transpositions (po (id® t) for all states <p on 
A ® B(H). It can be easily calculated that we have the following 

Theorem 2.6. The transposed cone is the closure of the set 

\ / m \ TO G N 

] ak ® ot(b k ) j® I /, ® a(6 ; ) SI® : ai, . . . , a m G A 

/ \i=i / 6i, . . . ,h m G S(£f) 

where a is the automorphism introduced in Theorem 1 2. SjBjl ■ 

Consequently, VL — VL where VL is the natural cone for (Tr A (A)®Tr(B(H))' ,a>®). 

3. fc-DECOMPOS ABILITY AT THE HlLBERT-SPACE LEVEL 

Let A be a unital C*-algebra, H be a Hilbert space and let <p : A — > B(H) be a 
linear map. We introduce ((1131) the notion of fc-decomposability of the map ip was 
studied. 

Definition 3.1. (1) We say that ip is k-decomposable if there are maps ip±, (p2 ■ 
A —>■ B(H) such that ip\ is fc-positive, ipi is fc-copositive and tp = ip\ + p2- 
(2) We say that ip is weakly k-decomposable if there is a C*-algebra I?, a unital 
Jordan morphism p : A — > E, and a positive map ip : — > B(H) such that 
^Ip(A) is fc-positive and ip — ip o p. 

The connection between fc-decomposability, weak fc-decomposability and the 
St0rmer condition ([23]) is the following 

Theorem 3.2. For any linear map ip : A — > B(H) consider the following condi- 
tions: 

(Dfc) ip is k-decomposable; 
(W/c) ip is weakly k-decomposable; 
(Sfc) for every matrix [oy] € Mfc(A) such that both [ay] and [a^j] are m Mfe(.A) + 
i/ie matrix [</?((%)] is positive in Mk(B(H)); 
Then we have the following implications: (Dk) (Wfe) <^ (Sfe). 

The results of Section strongly suggest that a more complete theory of fc- 
decomposable maps may be obtained in Hilbert-space terms. To examine that 
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question we will study the description of positivity in the dual approach to that 
given in in the above theorem, i.e. we will be concerned with the approach on the 
Hilbert space level. 

Let us resrict to the case <p : M. — > M. where M. C B(Hm) is a concrete von 
Neumann algebra with a cyclic and separating vector £Im- When used, u>m will 
denote the vector state ojm{') — ~^m)- The natural cone (modular operator) 

associated with (M,Qm) will be denoted by Vm (Am respectively). 

We assume that that ip satisfy Detailed Balance II (HB1), i-e- there is a positive 
unital map <pP such that uo{a*ip{b)) = u>(<pP(a*)b) for a, b 6 Ai. In this case <p 
induces a bounded operator T v on H^ M which commutes strongly with A_\4 and 
satisfies T*(V M ) C V M - 

Let B(C n ) 3 a i— > a* € B(C n ) denotes the usual transposition map on the 
algebra of n x rt-matrices. Let w be a faithful state on B(C n ) and let V n denote 
the natural cone for (Ai ® BfC"),^ ® w). From Theorem 13.21 it follows that to 
develop the theory of decomposability on the Hilbert space level we should examine 
the action of the map 1(8 on the transposed cone = {J.<&U)V n described in the 
previous section, where the operator U on B(C n ) was introduced in the previous 
section (for some orthonormal basis {e^} of eigenvectors of £> Uo ). It can be deduced 
from Proposition 2.5.26 in the book of Bratteli and Robinson (0) and the results 
of previous section that the cones V n and have the following forms: 

V n = Ay 4 {[a^]0„ : [oij] e M n (M)+}, 

K = Ay 4 {[a i4 ]n n : [ aij ] e M n (M)+}. 

It turns out that the adaptation of Lemma 4.10 in the paper of Majewski ( 12 ) 
leads to the following characterization of fc-positivity and fc-copositivity 

Lemma 3.3. The map ip : M. — > M. is k-positive (k-copositive) if and only if 
(T v ® l)*(V n ) C V n (respectively (T v ® l)*{V n ) C V r J for every n=l,...,k. 

By co(T) we denote the closed convex hall of the subset T. Now, we are in 
position to give promised result. 

Theorem 3.4. Consider the following two conditions on ip: 

(1) ip is weakly k-decomposable; 

(2) {T v <g> T)*{V n ) C co(V n U V T n ) for every n=l,...,k. 

Then, in general, the property (2) implies (1). If, in addition, the cone V n C\Vn is 
equal to the closure of the set 

{A l J A [ aij ]n n : [0^], [aji] S M n (M)+} 

then (2) follows from (1). 

In particular in the finite- dimensional case the two conditions are equivalent. 

Remark 3.5. It can be easily showed that co(V n U?J) and V n ^V^ are dual cones. 
It is still an open question whether the equality 

{Ay 4 [ay]fi„ : [ay], [ 0ji ] € M n (M)+} = V n C\V T n 

holds in general. 
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4. Application of local decomposability to low dimensional cases 

In this section we indicate how the discussed techniques relied on decomposition 
may be used for a characterization of linear positive unital maps tp : M m (C) — > 
Af„(C) in the case of low dimensions m and n. 

St0rmer ([2]]) proved that each positive map (f : M m (C) — ► M n (C) is locally 
decomposable, i.e. for every non-zero vector r\ € C" there exist a Hilbert space 
K n , a linear map V v on K n into C™, such that ||V^|| < M for all rj, and a Jordan 
*-homomorphism p n of M m (C) such that 

(4.1) p(a)v = Vr,Pr,{a)V;r) 

for all a G M m (C). For the readers convenience we remind the construction of 
St0rmer in details. Given a vector rj G C m , \\r]\\ — 1, we consider the state lo v on 
M„(C) defined as 

(4.2) io v (a) = (77, <p(a)ri), a € Af„(C). 

Let C = {a G M„(C) : u v (a*a) = 0} and ft = {a G Af„(C) : uo v {aa*) = 0}. 
Observe that £ is a left ideal in M„(C) while 7?. is a right ideal. By Ki and 
if r we denote the quotient spaces M„(C)/£ and M n (C)/TZ respectively. For any 
a € M n (C) we write [a]; and [a] r the abstract classes of a in Ki and if r respectively. 
Next, let K n — Ki® K r and define the scalar product ((•,•)) on K n 

(4.3) (([oi]j © [o 2 ]r, [&i]z © [6a]r» = ^w„(aI6i) + ^(^a^)- 

For simplicity we will write [a] instead of [a]; © [a] r for a e A/„(C). By G we denote 
the subspace of K v consisted of every such elements and by G its orthogonal 
complement. Finally, V v and p n are given by 

(4.4) p(a) ([6i]i © [b 2 ] r ) = [abi]i © [b 2 a} r , a, b u b 2 G M„(C); 



, . T/ , _ J ip(a)rj, if fc = [a] for some a € Af„(C), 

(4 ' 5j _ \ 0, if jfc g G". 

The crucial point in our considerations is the characterization of face structure 
of the set of unital positive maps between matrix algebras which was done by Kye 
(El)- Recall that if C is a convex set then a convex subset F c C is called a face 
if for any x, y G C and < A < 1 the following implication holds: 

\x + (1 - X)y G F => x,y G F. 

Kye proved that any maximal face of the set of unital positive maps from Af m (C) 
into M n (C) is of the following form 

(4.6) F^v = W: ^(I)=I, <p(\Z)(Z\)Tl = 0} 

for some ^ G C m and 77 G C". 

In the sequel we describe the case m = n — 2. As we mentioned in the intro- 
duction, St0rmer (£2U]) proved that every positive map <p : M 2 (C) — > Af 2 (C) is 
(globaly!) decomposable. The next proposition indicates the relationship between 
this phenomenon and the notion of local decomposability for ip in a maximal face. 
We need the following notations. If £ and 77 are arbitrary unit vectors in C 2 then 
l e t £ij£2 be an orthonormal basis in C 2 such that £1 = £ and similarly 771,772 be a 
basis such that 771 = 77. By we denote the operator for i,j = 1, 2. 
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Proposition 4.1. Suppose ip 6 F^ jV . Let K^, V n and p^ be as in \4- 1]) . Then 

(4.7) ip(a) = V vPv {a)V;, a e M 2 (C). 
i/ and only if 

(4.8) Tr^(ei 2 ) = Trv?(e 2 i) = 0, Tr<,s(e 22 ) = 1, 

(4.9) Tty(en) = 2 (l(%^(ei 2 )?7i)| 2 + |(r? 2 , ^(e 21 ) m )| 2 ) ■ 

Proof. From the definition l|4.6|l of _ it follows that the projection en is an 
element of C and 7?.. On the other hand both £ and TZ are proper ideals in M 2 (C) 
because <p is unital. Consequently £ = M 2 (C)en and TZ = enM 2 (C) and the 
Hilbert space K = M 2 (C)/M 2 (C)e n © M 2 (C)/e n M 2 (C) is four dimensional. By 
direct computations it can be checked that the elements 

ki = V2[e 12 ] = V2[e 12 }i + V2[e 12 ] r 

k 2 = V2[e 21 ] = V2[e 21 ]i + V2[e 21 ] r 

h = [e 22 ] = [e 22 ]i + [e 22 ] r 

ki = [e- 22 ]i - [e 22 ] r 

form an orthonormal basis in K . Moreover, from l|4.5|) and l|4.6[) we get the following 
equalities 

V v ki = v / 2y(ei 2 )?7i = V^^i, <^(ei 2 )7?i)r?i + V2(rj 2 ,(p(ei 2 )r)x)ri 2 = ai] 2 

where a = \^2(r] 2 , <p(ei 2 )i]i). The last equality is due to the fact that ei 2 € 
enM 2 (C) C ker lu v (cf. I4.2[> ). Similarly we check that 

V v k 2 = (3rj 2 

where (3 = V2(r] 2 , <p(e 2 i)i]i) . The definition 14.6fl of and the fact that cp is 
unital imply 

V n kz = ip{e 22 )i]i = ip{T)rii - ip{en)r]i = r}\. 

Finally, from the dafinition l|4.5|l of V v and from the fact that k^ is orthogonal to 
G it follows that 

V n ki = 0. 

Hence, the matrix of the operator Vq : K — * C 2 in the bases {k\, k 2 , &3, k^} and 
{fyi) 7 ^} has the form 

"0010 

a (3 



(4.10) V v 



In order to prove sufficiency in the statement of the theorem, assume that ip 
fulfils conditions l|4.8(l and l|4.9() . We will show that ip(a) = V v p v (a)V* for any 
a € M 2 (C). Observe that from local decomposability (|4.1|) we have 

ip{a)rii = V n p n {a)V*7]i. 

So, it remains to prove that 

(4.H) ^{a)m = v.p^vjm 

for every a G Af 2 (C). As {eij}i J= i j2 forms a system of matrix units in M 2 (C) it is 
enough to show I4.11fl for a = ey where i, j = 1, 2. 
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Let a = ei2. Following the assumption and the fact that ei2 € enM2(C) C ker oj^ 
we have 

= Tn/j(ei 2 ) = (j?i,yj(ei 2 )r/i) + (772, ^(ei 2 )7? 2 ) = (V2> ^(eia)^)- 

Hence, 

y(ei 2 )?72 = (?/i,^(ei 2 )??2)?7i + (772, <p(e 12)172)112 = (vufi^iV^Vi- 
On the other hand, application of (|4.10() and 14.41) yields 

K,p(e 12 )F^?72 = 

= K,p(ei 2 ) (afci + /3fc 2 ) 

= 2K, ((771, ^(e 2 i)r7 2 )p r) (ei 2 )[ei 2 ] + (771, ^(ei 2 )r? 2 )^(ei 2 )[e 2 i]) 
= 2(771, </?(ei 2 )?7 2 )'K) ([en]i + [e 22 ] r ) 
= (771, y(ei 2 )77 2 )V^ (fc 3 - fc 4 ) 
= (771, (p{ei2)r)2)-qi 

So, we get ip{e 12 )ii2 = V^p^e^V*^- 

By simillar computations we check that (p(e2i)V2 — V v p(e2i)V*r]2. 
Now, let a — e 22 . We have 

1 = Tr^(e 22 ) = (771,^(622)771) + (772, ^(e 22 )772) = 1 + (772, ^(e 22 )77 2 ), 

so (772, <p(e22)V2) = and consequently 

^22)^)2 = (77i,y(e 22 )77 2 )77i + (77 2 ,95(e 22 )77 2 )772 

= (^(£22)771,772) = (^l)^) = 0. 

Moreover, 

K ? /9 ?? (e22)^j , '772 = 2K, ((771, v(e2i)772)[ei 2 ] r + (f7i,¥>(ei2)»72)[e2i]i) = °- 

The last equality follows from the fact that ei2 <E enM 2 (C) = 1Z and e2i € 
M 2 (C)e u =£. 

Finally, let a = en. Then 

K ? P7,(eii)K 7 *77 2 = 

= V v (2(771, <^(e 2 i)77 2 )p n (eii)[ei 2 ] + 2(771, </?(ei 2 )77 2 ) / 9 ?? (eii)[e 2 i]) 
= 2(771, ^(e 2 i)77 2 )K ) [ei2]i + 2(771, yj(ei2)77 2 )V^[ 
= V2(?7i, ip(e 2 i)ri2}V ri ki + v2(77i, y>(e 12 ) 772)^^2 
= 2 (l(?72,<^(e 2 i)77i)| 2 + I (773, ^(612)771) | 2 ) f? 2 - 
As ip £ Fc„ then 

Tr^(eu) = (r)i,<p(en)7]i) + (772,^(611)772) = (772,^(611)772), 

hence 

<^(eii)772 = (771,(^(611)772)771 + (772,^(611)772)772 = (772,^(611)772)772 = [Tr^(en)] 772. 

From H4.9f) we conclude that y(eii)?7 2 = ^P^iei^V*^ and the proof of sufficiency 
is finished. 

It is easy to observe that in order to prove necessity one should repeat the same 
computations in the converse direction. □ 
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